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Consider the Moon-landing problem to successfully land a module
on the surface of the Moon. The descent of the module had to be
controlled so that the landing was ’soft’, that is, both the height of
the module above the surface and its downward velocity had to be
brought to zero simultaneously. It is important to achieve the soft
landing with as small expenditure of fuel as possible. One may
assume the time taken to reach the surface was of little signi…cance.
the module is moving with some downward velocity. It falls under a
uniform gravitational acceleration and there is no atmosphere to
resists its motion.
Velocity can be controlled by engines that can exert some
maximum thrust in either the upward or downward position.
The cost function is the total fuel consumed, which is proportional
to the time integral of the magnitude of the thrust exerted by the
engines.

Mureşan (2014): assume the spacecraft is near the Moon.
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Another example is diabetes mellitus problem. We wish to reduce
the excess amount of glucose in the blood, and use the minimum
amount of drug because of …nancial constraints and side e¤ects.
These are the examples of optimal control problems. Optimal
control theory is a mathematical optimization method for deriving
control policies. A control problem includes a cost functional that is
a function of state and control variables. An optimal control is a
set of di¤erential equations describing the paths of the control
variables that minimize the cost functional.
The Maximum Principle for optimal control, developed in the late
1950s by L.S. Pontryagin and his co-workers, is used in optimal
control theory to …nd the best possible control for taking a
dynamical system from one state to another, especially in the
presence of constraints for the state or input controls.

The simplest control problem in its general form is to
Z t1

f (t, x (t ), u (t ))dt

(1)

dx (t )
= g (t, x (t ), u (t )),
dt

(2)

t0 , t1 , x (t0 ) = x0 …xed; x (t1 ) free.

(3)

max

t0

subject to

Here f and g are assumed to be known and continuously di¤erentiable
functions of three independent arguments, none of which is a derivative.
The control variable u (t ) must be a piecewise continuous function of
time. The state variable is x (t ). The control u in‡uences the objective
(1) both directly and indirectly through its impact on the evolution of
the state variable.
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Heckman (1974): if leisure and consumption are substitutes, then it
is not consumption alone but bundles of consumption and leisure
that should be smoothed over the life cycle.
Thus, in this presentation we focus on a standard neoclassical
life-cycle consumption/saving model with endogenous labor supply
and mortality risk but …nite length of life (Bütler, ET 2001), being
a variant of Heckman (AER, 1974).
The solutions presented in the above studies were not complete.

Consider an intertemporal utility maximization problem by a
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(c (t ) φ l (t )1 φ )1 σ
.
1 σ
The agent’s problem can be formulated as
U (c (t ), l (t )) =

Max

Z T

fc (t ),l (t )g 0

Q (t )e

ρt

U (c (t ), l (t ))dt

(4)

(5)

subject to:
dk (t )
= rk (t ) + w e(t )(1
dt
0 l (t ) 1,

l (t ))

c (t ),

for t 2 [0, T ], (6)
(7)

k (0) = 0,

(8)

k (T ) = 0.

(9)
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We analytically solve the problem following the optimal control
theory.
The problem is quite di¢ cult and lengthy to solve.
We …nd: for a disturbingly large number of parameters so
commonly used in related studies, the above problem does not have
a solution so commonly assumed.
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Yet we try to look at closed-form solutions. The literature
recommends the following steps:
Step 1. Make a conjecture about the structure of the solution in
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If Step 2 fails, one needs to investigate alternative solution
structures.

Back to our problem...
Let us de…ne the Hamiltonian function
H1 = Q (t )e

ρt (c (t )

φ l (t )1 φ )1 σ

1 σ
+µ(t )(rk (t ) + w e(t )(1

l (t ))

c (t )).

(10)

Optimal controls must be chosen so the following conditions are satis…ed:
dk (t )
∂H1
=
= rk (t ) + w e(t )(1
dt
∂µ(t )
dµ(t )
=
dt

∂H1
=
∂k (t )

µ(t )r,

l (t ))

c (t ),

(11)
(12)

and
max

f1 l (t ) 0,c (t )g

H1 .

(13)

Necessary condition is that there exists a time-dependent multiplier
λ(t ) 0, so that if the Lagrangian of the Hamiltonian
H = H1 + λ(t )(l (t )

1) ,

(14)

then the Lagrangian of the Hamiltonian is stationary with respect to the
controls, and the complimentary slackness condition holds, implying
∂H
= 0,
∂c (t )

(15)

∂H
= 0,
∂l (t )

(16)

λ(t )(l (t )
1

l (t )

1) = 0,
0.

(17)
(18)

Let us guess that l (t ) < 1 for t 2 [0, t ), and l (t ) = 1 for t 2 [t , T ].
Complementarity condition implies that if λ(t ) = 0, then l (t ) < 1, and
we have the system of equations
k (t )
µ (t )

0

=

rk (t ) + w e(t )(1 l (t ))
µ (t )r

c (t )

(19)

for t 2 [0, t ). Similarly, if λ(t ) < 0, then l (t ) = 1, and we have the
system of di¤erential equations
k (t )
µ (t )

0

=

rk (t ) c (t )
µ (t )r

for t 2 [t , T ].

(20)

Hence, the solution to the problem can be found by piecing together the
solution of (19)-(20). The switch point t is deduced from the state
continuity condition.
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The existence of the solution we are interested in is highly sensitive
to the gap between the time discount and interest rates. Even if
such gap is small, by varying other parameters of the model, we
may run to this problem again.
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We use a general-purpose MATLAB Toolbox for solving optimal
control problems based on the Radau Pseudospectral Method
(Patterson and Rao 2013).
Pseudospectral optimal control is a joint theoretical-computational
method for solving optimal control problems. It combines
pseudospectral (PS) theory with optimal control theory.
PS methods are a class of numerical methods used in applied
mathematics and scienti…c computing for the solution of partial
di¤erential equations. They are closely related to spectral methods,
but complement the basis by an additional pseudo-spectral basis,
which allows to represent functions on a quadrature grid.
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The Radau pseudospectral method is an orthogonal collocation
Gaussian quadrature implicit integration method where collocation
is performed at the Legendre-Gauss-Radau points.
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Some further possible questions:
How to make sure people do not jump in and jump out the job
market as we saw? Maybe consider the costs of getting back to
work after a long time of being unemployed?
Do people have to experience frictions or some unexpected events
to tolerate career interruptions? They can interrupt their careers
simply because they love taking a break once in a while!

THANK YOU!

