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A NOTE ON DECOMPOSITION OF THE
'GINI RATIO ACROSS REGIONS

Mahar Mangahas

In recent approaches to'the measurement of the contributions

of subsectors or regions of the economy to natiomal income inequality,>

the measure used --the index of decile inequality, the variance of the
logarithm of income-- has been linear or quadratic, inasmuch as such
measures are relatively simple to decompose [1, 2]. However, the most
common measure of income inequality is the Gini or concentration ratio
derivingvfrom the Lorenz curve. The purpose of this note is to
indicate that the national-level Gini ratio can be expressed as a o
weighted average. of regional Gini ratios and of certain Gini-type
ratios construcgéd from pairwise regional comparisons of the size

distribution of income.
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Let tfk be the cumulative proportion of. families up to the
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income class, and Yie the cumulative proportion of income
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received by those families, for k=1, ..., G. The Gini ratio is

computed by triangular approximation as
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where f0 =Yg = 0. The summation expression on the right-hand-side

is the approximate area underneath the Lorenz curve. This reduces to
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where £ = £ - fk—l is simply the proportion of families within the

k k
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k

of total incomes enjoyed by families within the kth
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income class. We also define Y = Vi = Vg3 23S the proportion

income class.
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where C 1is the matrix with ones on and below the diagonal, and zeros

elsewhere. Furthermore,
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where 1 1is the G x G identity matrix. In matrix notation, the

Gini ratio is then
* *
L=1-1'0y +vy_))
=1-£'(Cy + (C - I)y)

2) L=1-f'By

where R
1 0 0 ... 07 |
210 ... 0
2 21 ... 0
H= (2 - I) = IR ,

a matrix with twos below the diagonal, ones on the diagonal, and zeros

above the diagonal.




In general, if r and s are any two G x 1 vectors
containing percentage distributions, and if one wishes to compare ‘
equality‘between the two distributions by cumulating them, the
Gini-type maasure of inequality is given by (1 - r'Hs). In particular,
let the vectors f and y refer tq national-level data and let fj

and yj be G x 1 vectors similarly defined for the jth region,

with j =1, ..., R. Then the regional-level Gini ratios are

(3) Ly=1-£'Hy, . §=1, ..., R .

If n is the total number of families in the nation, then nf
is the G x 1 vectof whose kth element is the total number of

families in the kth income class. Let X bea G x G diagonal

matrix whose kth? diagonal eclement is mean family income in the kth
income class. Thén nXf is the G x 1 vector whose ,kth element is
the total family income earned by families belonging to the kth

igcome class, Total family income in the nation is then
4) ve= U"Xf * n

where { 18 a G x 1 vector of ones. Then y 1is given by
() y= @WXE= (XD xf = Wmxe

where m 1is the mean family income in the nation. Since f determines
DA f is the basic data vector, and may be considered synonymous with
the size distribution of income™. The mean income levels per class,

or the diagonals of X, depend on the distribution of families within

each class's uprer and lower bounds. As a simplification, X may be
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considered identical for each region and for the nation as a whole; in
principle at least one can always arrive at approximately equal X's
by simply constructing a large enough number of income classes, with

very narrow intervals.
From (2) and (5) we obtain
6) 1 -L=(Q/m)f'®Xf = (1/m)f'Pf s

where P = HX may be viewed as a matrix of constants, on account of
the argument in the preceding paragraph. For the regions, we similarly

obtain

) 1-1, = (I/nﬁ)f

4 'Pfj ’ j=1, ..., R ,

3

where m, = U'Xf, 1is the mean family income in the jth region.

3 h I

The next problem is to determine how L and the Lj are

related. Define

where ¢j is the proportion of all families in the nation who live in

region j; thus 2¢j = 1. Consolidating the regional size distributions

of income into a G x R matrix F, where

F=[f f ...fR] s
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then we have
f =F¢ .
Therefore (6) becomes
B 1-L= (Q/m)¢'F'PFo | .

We now recognize that 1 - L 1is the sum of all the terms of an R xR

matrix whose diagonal elements are

2_ 2
9 (l/m)¢j fj Pfj (m.j/m)dij a- Lj) , j=1, ..., R
and whose off~-diagonals are
(10) (1/m)9, 9, f‘i'Pfj . i#3;4,3=1, ..., R .
Note that
fi'Pfj = fi'Hij = mafi'H(l/mj)ij = mj(fi'H yj) .

The expression in parentheses can be interpreted as (one minus) the

result if one were to compute a Gini ratio by comparing the distribution

across income classes of families in the ith region with the distri- i
bution across income classes of incomes received by families in the

th '

j region.

Furthermore, note that

- v - = 1 ' - ? - ]
(fi £.,) P(fi £) f Pfi + £ 'Pf f1 Pf £ Pfi .
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where the last two terms on the right-hand-side are elements of "Gini

croés—ratios" such as those in (10). We.can then write the sum of the
elements in (10) as

/ ' : 1 -
(11) iEj {(¢i¢j.m)f1 Pfi + (¢1¢j/m)fj Pfj

- 1 [G.em /M@ -L) + (bé.m/m@ L) -
[Iy Hoatym )+ 6geymy 3

- (¢i¢j (mi - mj)/m) a - Lij)] R

where we recognize that '

, -1
Lyg = 1= (o - m)™ (f - £ B(E; - £))

is a Gini ratio computed on the difference between the size distributions

of income in regjons i and j. Let us term this a "Gini difference-

ratio”. Combinihg (11) with the sum of the terms (9), we obtain

1-L=21¢,12 (¢jmj/m)(l - Lj) - % (¢i¢j(m1 - ma)fm)(l - Lij) .

i 3 i>]
Since ¢, =1 , m=35p.m, , and I ¢, (i, ~m,)/m=0, we deri
1 ™ A T ve
12 = | B - ! ‘ ¢
B L= Ggmy/mty v B Gyl -mpimlyy f

This is a decomposition of the national Gini ratio as the sum of a
weighted average (weights adding to one) of the regional Gini ratios
and a weighted sum (weights adding to zero) of all possible Gini .
difierenpe ratios. Thus the first expression measures the contribution
Qf “within—région inequality" whereas the second measures the

contribution of “between-region inequality'.
e “ G o '::;‘J.r . v




An infprmative way of presenting the decomposition might be :l.n .

the form of a table, as below. The diagonal elements would be 4 jmij]mL
and the lower trigngul_.ar elements would be ¢i¢j(mi - mj)LijimL.
The sum of all the elements would be one, and relatively large numbers

would indicate the most pressing sources of income inequality.

Relative Sizes of Regional Sources of National Income Inequality’

Region 1 ‘Region 2 .« .. Region R
Inequality
Region 1 Within 1
_ Inequality
Region 2 Between 2 ;;‘:g‘;zl;ty
and 1 %
Inequality | Inequality
Region R Between R |Between R ;geguizl_ity
and 1 and 2 think
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